The ZZγ and Zγγ triple neutral gauge couplings are absent in the Standard Model (SM) at the tree level. They receive no contributions from effective dimension-6 operators, but can arise from effective operators of dimension-8. We study the scale of new physics associated with such dimension-8 operators that can be probed via measurements of the e + e − → Zγ process at future e + e − colliders including the ILC, CEPC, FCC-ee and CLIC. We show how final-state angular distributions can play a key rôle in suppressing SM backgrounds. We find that the dimension-8 new physics scale can be probed up to the multi-TeV region at such lepton colliders.
Introduction
At the time of writing, there is no confirmed evidence for phenomena in accelerator experiments that require new physics beyond the Standard Model (SM) [1] , pending clarifications of the apparent discrepancy between the SM prediction and the experimental value of the anomalous magnetic moment of the muon, and of the apparent anomalies in b-hadron decays into strange and charmed particles. It is therefore plausible to assume that the SM particles have the same dimension-4 interactions as in the SM, and seek to characterize possible deviations from SM predictions in terms of higherdimensional effective operators constructed out of SM fields, whose contributions are suppressed by some power of an underlying new physics scale Λ 100 GeV [2] .
This Standard Model Effective Field Theory (SMEFT) approach has mainly been applied with the assumption that only dimension-6 SMEFT operators [3] contribute to the experimental observables under study [4] . With this restriction, global SMEFT analyses [5] have been made of the available data from the LHC and other accelerators, and the sensitivities of experiments at possible future accelerators to the scales of new physics in dimension-6 operators have also been estimated [5] [6] [7] . However, there are some instances in which dimension-6 contributions are absent, and the first SMEFT operators to which experimental measurements are sensitive are those of higher dimensions [8] . Examples where dimension-8 operators dominate include light-by-light scattering [9] , γγ → γγ, which has recently been measured for the first time in heavy-ion collisions at the LHC [10] and gg → γγ scattering [11] , which is constrained by ATLAS measurements of events with isolated diphotons in pp collisions at the LHC [12] . We note also that the effect of dimension-8 operators on Higgs observables was discussed in [13] .
Another promising way to probe directly dimension-8 operators is via the ZZγ and Zγγ triple neutral gauge couplings [14, 15] . These couplings are absent in the SM and receive no dimension-6 contributions [2, 3] . Within the SMEFT approach, the first contributions arise from effective operators of dimension 8 . We study here how these dimension-8 operators can be probed via the e + e − → Zγ process at future e + e − colliders including the ILC [16] , CEPC [17] , FCC-ee [18] and CLIC [19] , offering a rare direct window on the new physics at dimension-8.
Our analysis framework is described in Section 2. We first discuss in Section 2.1 how the neutral triple-gauge couplings ZV γ (V = Z, γ) can be generated by effective dimension-8 operators, and then present cross sections for e + e − → Zγ production in the different Z polarization states Z T,L in Section 2.2. Since the SM produces Z T γ final states copiously, with the vector bosons emerging preferentially in the forward and backward directions, one can make use of angular distributions in the e + e − centre-ofmass frame and Z decay frame to separate the SM contribution to Zγ final states and distinguish Z L from Z T via their decays intof f pairs. We study angular observables in Section 3, where the angular distributions are presented in Section 3.1 and their uses for isolating and analyzing new physics contributions are discussed in Section 3.2, with the focus on O(Λ −4 ) contributions in Section 3.2.1 and on O(Λ −8 ) contributions in Section 3.2.2. A systematical analysis of the sensitivities to Λ by measurements at different e + e − collider energies √ s from 250 GeV to 5 TeV is presented in Section 3.3. Finally, we summarize our conclusions in Section 4. The 5σ sensitivity to Λ may reach into the multi-TeV range, depending on the e + e − collision energy, even after taking into account the fact that in many new physics scenarios the SMEFT approach may be valid only when Λ √ s , or at least Λ √ s/2. Thus, the e + e − → Zγ process may provide a unique and interesting probe of new physics in e + e − collisions.
Neutral Triple-Gauge
Couplings and e + e
− → Zγ Production
In this Section, we first discuss the neutral triple-gauge couplings ZV γ (V = Z, γ), and the corresponding dimension-8 effective operators as their unique lowest-order gaugeinvariant formulations in the SMEFT. We then analyze the scattering amplitudes for e + e − → Zγ, considering separately transversely and longitudinally polarized final-state Z bosons.
ZV γ Coupling from Dimension-8 Operator
The neutral triple gauge couplings (nTGCs) ZV γ (V = Z, γ) vanish at tree level in the SM and do not receive contributions from any dimension-6 effective operators. However, at the dimension-8 level there are four CP-conserving effective operators that can contribute to the nTGCs [15] ,
where the dimensionless coefficients c j may be O(1), with signs sign(c j ) = ±, and the corresponding cutoff scales Λ j ≡Λ/|c j | 1/4 . The four dimension-8 CP-even effective operators O j contributing to the nTGCs may be written as and O BB do not contribute to ZV γ coupling for on-shell Z and γ. Thus, there is only one independent CP-conserving dimension-8 operator to be considered in our nTGC study. We choose O BW for our analysis, and denote the corresponding cutoff scale by Λ BW = Λ , for simplicity.
The dimension-8 operator O BW yields the following effective ZγZ * coupling in momentum space:
where v is the Higgs vacuum expectation value. However, O BW does not contribute to the Zγγ * coupling for on-shell gauge bosons Z and γ .
Zγ
Production at e + e − Colliders
The SM contributes the production process e − (p 1 )e + (p 2 ) → Z(q 1 )γ(q 2 ), via t-and u -channel exchange diagrams at tree level. In general, the final-state Z boson may have either longitudinal or transverse polarization.
Working in the centre-of-mass (c.m.) frame of the e + e − collider and neglecting the electron mass, we define the momenta of the initial-and final-state particles as follows:
where the electron (positron) energy
where π 0 is the would-be Goldstone boson absorbed by the longitudinally polarized Z via the Higgs mechanism of the SM. Since the SM does not contain any tree-level ZV γ and π 0 V γ (V = Z, γ) triple couplings, at tree level the production processes e + e − → Z L γ T and e + e − → π 0 γ T must proceed through the t-channel electron-exchange process. Since the electron Yukawa coupling y e = √ 2m e /v = O(10 −6 ) is very small and can be neglected for practical purposes, we have for the SM contributions
This explains the high-energy behavior of Eq.(2.5a).
We note also that for the final state with a transverse weak boson Z T , Eq.(2.5b) exhibits a collinear divergence at θ = 0, π due to our neglect of the electron mass m e 0 . In the following analysis we implement a lower cut on the transverse momentum of the final state photon: P γ T = q sinθ > P γ T 0 to remove the collinear divergence, corresponding to a lower cut on the scattering angle θ > δ = arcsin(P γ T 0 /q) . For 
which is consistent with results in the literature [15] .
[Here the ± signs of the O(Λ −4 ) term correspond to the two possible signs of a given dimension-8 operator, sign(c j ) = ±, as shown in Eq.(2.1).] We see that the contribution to the Z L γ T production channel is enhanced relative to that of the Z T γ T production channel by a factor of s/M
The O(Λ −8 ) term originates from the pure dimension-8 contribution,
The energy dependence in the above formulas can be directly understood by power counting, 
[Eq. (2.10a)], we find that their interference term
This explains nicely the asymptotic behavior of Eq.(2.8a). However, for the final state Z T γ T , using the naive power counting from Eqs.(2.5b) and (2.10b) we infer the asymptotic behaviors, T sm [Z T γ T ] ∼ s 0 and
Combining these would lead to the following behavior for their interference:
However, this naive power counting contradicts Eq.(2.8b), where we see that
Naive power counting fails in this case for a nontrivial reason, which is connected to the special structure of the helicity amplitude T (8) 3. Probing New Physics in the ZV γ Coupling at e + e − Colliders
In this Section we first analyze the kinematical structure of the reaction e + e − → Zγ followed by leptonic Z decays. We then propose suitable kinematical cuts to suppress effectively the SM backgrounds, and derive the optimal sensitivity reach for the scale of the new physics in the ZV γ coupling. 
Analysis of Angular Observables
In this subsection, we analyze the kinematical observables for the reaction e + e − → Zγ followed by the leptonic decays Z → + − . We illustrate the kinematics in Fig. 1 , where the scattering plane is determined by the incident e − e + and the outgoing Zγ in the collision frame (with scattering angle θ ), and the directions of the final state leptons − + determine the decay plane. We denote the angle between the two planes as φ in the laboratory frame (which is equal to φ * in the Z rest frame).
In order to study the leptonic final states
, we denote the lepton momenta as follows in the Z rest frame:
Here the positive z * direction in the Z rest frame is chosen to be opposite to the final-state photon direction in the laboratory frame. The θ * denotes the angle between the positive z * direction and the − moving direction in the Z rest frame. When boosted back to the e − e + collision frame (laboratory frame), the angle θ * changes but Figure 1 . Illustration of the kinematical structure of the reaction e + e − → Zγ followed by the leptonic decay Z → + − .
the azimuthal angle φ * is invariant. This is why the angle φ * is equal to the angle φ between the scattering plane (defined by the incoming e − e + directions and the outgoing Zγ directions) and Z decay plane (defined by the outgoing − and + directions) in the e − e + collision frame.
Imposing a lower cut on the scattering angle in the laboratory frame θ > δ (where δ 1) will correspond to a lower cut on the transverse momentum of the final-state photon P γ T > q sin δ . With this lower cut, we find the following total cross section for Zγ production:
the two possible signs of a given dimension-8 operator, sign(c j ) = ±, as shown in Eq.(2.1). We further compute the exact numerical cross sections of e + e − → Zγ, 1 as a function of the new physics scale Λ and for different collider energies.
In the following, we present these cross sections using a photon transverse momentum cut P [20] .
As we will show shortly in Sec. 3.2-3.3 (cf. The total cross section for e + e − → Zγ → + − γ is given by the product
The differential cross section is a function of the three kinematical angles (θ, θ * , φ * ), and will be computed from the helicity amplitudes (A.12)-(A.13) in Appendix-A.2. We define the normalized angular distribution function as
where ξ = θ, θ * , φ * , and σ j (with j = 0, 1, 2) represents the SM contribution (σ 0 ), the
We find the following normalized polar angular distribution functions f j θ and f j θ * , In each plot, the black, red and blue curves denote the contributions from the SM, the O(Λ −4 ) and O(Λ −8 ) terms, respectively. We use a polar angle cut δ = 0.2 for illustration.
Then we compute the normalized azimuthal angular distribution functions f j φ * as follows, Figure 3 . Normalized angular distribution in the polar angle θ * in the Z decay frame for different collision energies, √ s = (250 GeV, 500 GeV, 1 TeV, 3 TeV). In each plot, the black, red and blue curves denote the contributions from the SM, the O(Λ −4 ) and O(Λ −8 ) terms, respectively, where the red and blue curves exactly overlap. We use a laboratory polar angle cut δ = 0.2 for illustration.
where the coefficients (c L , c R ) = (s
, s 2 W ) are the gauge couplings of the Z boson to the (left, right)-handed leptons. Here we have again chosen a lower cutoff δ 1 on the polar scattering angle θ, which corresponds to the lower cut on the transverse momentum of the final state photon, P γ T > q sinδ. As a side remark, we note that if the Z boson were a stable particle, one could in principle measure its polarization directly to extract the new physics signal of the dimension-8 operator. However, since the Z decays rapidly into fermion pairs, the contributions of the out-going longitudinal Z L and transverse Z T intermediate states interfere in the angular distributions of the fermions produced in Z L and Z T decays. Such interference effects appear as the φ * angular dependence in Eq.(3.8).
Using the above results, we present numerical results for the normalized angular distribution functions of θ, θ * , and φ * , in Fig. 2, Fig. 3 ure, the four plots have input different collision energies √ s = (250 GeV, 500 GeV, 1 TeV, 3 TeV), corresponding to the expected collision energies of the ILC, CEPC and FCC-ee, of possible ILC energy upgrades, and the design energy of CLIC. In each plot, we use black, blue, and red curves to denote the contributions from the SM, the O(Λ −4 ) term and the O(Λ −8 ) term, respectively. In this analysis, we set a lower cut θ > δ = 0.2 for illustration, which corresponds to lower cut on the photon transverse momentum P 
We see that the cosφ * term dominates f 1 φ * for √ s > 250 GeV. This also explains why in Fig. 4 the magnitude of the angular function f 1 φ * (red curve) grows almost linearly with the collision energy √ s , and has its maximum at φ * = π and minima at φ * = 0, 2π .
In the laboratory frame, the opening angle ∆θ between the two outgoing leptons from Z decay is a function of θ * . The sum of the areas of regions (a) and (b) (S a and S b ) is S a + S b = 1, because the angular function is normalized to unity. However, the difference |S a − S b | is much larger than 1 for the angular function f 1 φ * , while |S a − S b | is subject to a strong cancellation in the SM contribution f 0 φ * . We can make use of this feature to suppress the SM background and enhance significantly the O(Λ −4 ) signal at the same time. To this end, we define new functions We define the signal and background event numbers as follows:
where L denotes the luminosity and is the detection efficiency. With these definitions, we find that the SM background B is quite small due to the large cancellation between regions (a) and (b), whereas its statistical error ∆ B is not so small: 
We note that O 1 and σ 0 are functions of the angular cut δ (corresponding to the photon transverse momentum cut P γ T > q sin δ ). Fig. 4 shows that the magnitude |f
since it is dominated by the cosφ * term as in Eq.(3.9). So we may cut off the nearby area to reduce the SM backgrounds. For this, we introduce a cut parameter 0 < φ c < 
where α = e 2 /4π is the fine structure constant. 16) which is plotted in Fig. 5(b) . From this, we find that the probe of the new physics scale can reach Λ = (2.0, 1.8, 1.6) TeV at (2σ, 3σ, 5σ) level, respectively.
We note that the practical detection efficiency would be smaller than 100%, so the actual sensitivity may be somewhat weaker. But, as we show later in Eqs.(3.25) and (3.29) of Sec. 3.3, the sensitivity reach for Λ has rather weak dependences on the integrated luminosity and detection efficiency, namely, Λ ∝ (L ) 1 8 at O(Λ −4 ) and Λ ∝ (L ) 1 16 at O(Λ −8 ). Hence, increasing L or only has minor effect on the sensitivity reach of the new physics scale Λ. In contrast, raising the collision energy √ s can do more to improve the sensitivity reach of Λ because Λ ∝ (
Analysis Including the O(Λ −8 ) Contribution
In this subsection, we include in the analysis the contribution of O(Λ −8 ). Since the O(Λ −8 ) term has a higher power of energy dependence, it may have better sensitivity when the collision energy is higher, e.g., √ s = 3 TeV, even though it is suppressed by Λ −8 . 
where the ± signs of the O(Λ −4 ) term correspond to the two possible signs of a given dimension-8 operator, sign(c j ) = ±, as shown in Eq.(2.1). If we take the limit (δ, δ * ) → 0 in the above formulas, we find that they reduce consistently to Eq.(3.3), as expected.
We can then estimate the corresponding signal significance to be Finally, we may combine Z 4 and Z 8 to achieve a better sensitivity reach to the new physics scale Λ :
which is depicted by the red curve in Fig. 6 . In this way, we find that the new physics scale can be probed up to Λ (2.2, 2.0, 1.9) TeV at the (2σ, 3σ, 5σ) levels, respectively. These numbers apply for both ± signs in Eq. 
Analysis of Different Collision Energies
In this subsection, we further extend our analysis of √ s = 3 TeV case to different collision energies √ s = (250, 500, 1000, 5000) GeV, in each case with a sample integrated luminosity L = 2 ab −1 .
Using the same method as we presented in Sec. 3.2.1-3.
2.2, we analyze the SM backgrounds and signal contributions for different collider energies. For each given collider energy √ s , we derive the optimal angular cuts for realizing the maximal signal significance Z 4 and Z 8 . Namely, for the analysis of Z 4 , we use the angular cuts (δ m , φ m c ) for angles (θ, φ * ); while for the analysis of Z 8 , we use the angular cuts (δ m , δ * m ) for angles (θ, θ * ). We summarize the optimal angular cuts for different collider energies in Table 1 . As we noted below Eq.(3.14), the dominant contribution to the signal significance Z 4 depends on the cut φ c only through a simple function sin φ c / φ c , √ s (GeV) 250 500 1000 3000 5000 Table 1 . Summary of the optimal angular cuts for realizing the maximal signal significance. For the signal significance Z 4 , we impose the cuts (δ m , φ m c ) on the angular distributions of (θ, φ * ) whereas, for the signal significance Z 8 , we set the cuts (δ m , δ * m ) on the angular distributions of (θ, θ * ).
which does not depend on energy √ s and reaches its maximum at φ m c 1.17. This is why the optimal cut φ m c is nearly independent of the collider energy √ s , as shown in Table 1 .
With the optimal kinematical cuts in Table 1 where we include the case of √ s = 3 TeV from Eq.(3.15) for comparison. With these, we derive the following signal significances at each collision energy, for the leptonic branching fraction Br(Z → ) 0.10 and an integrated luminosity L = 2 ab −1 ,
We note that the signal significance is nearly proportional to the squared centreof-mass collision energy ( √ s ) 2 . At high energies s M 2 Z , we have
Thus, for a given significance Z 4 , the corresponding reach of the new physics scale Λ is
We see that the collision energy √ s has the most sensitive effect on the reach of the new physics scale Λ . For instance, rasing the collision energy from √ s = 250 GeV to √ s = 3 TeV, the reach of the new physics scale is improved by a significant factor Λ(3 TeV)/Λ(250 GeV) 3.46 . On the other hand, Λ has a rather weak dependence on the significance, Λ ∝ Z 4 , so the 5σ reach is only slightly weaker than the 2σ reach: Λ(5σ)/Λ(2σ) 1/1.26 . Furthermore, we note that Λ depends much more weakly on the integrated luminosity and the detection efficiency, Λ ∝ (L × ) Next, extending Section 3.2.2 to different collision energies, we include contributions up to O(Λ −8 ) in a similar manner. We apply the optimal kinematical cuts as in Table 1 where for comparison we have also included the result from Eq.(3.19) for the case of √ s = 3 TeV. The above can be compared to the cross sections (3.3) with only a preliminary angular cut δ > 0.2 (corresponding to a lower cut on the photon transverse momentum P γ T = q sin δ ). We see that under the final angular cuts on (θ, θ * , φ * ) the SM contribution is substantially reduced in each case, whereas the signal contributions at O(Λ −4 ) and O(Λ −8 ) are little changed.
Uisng the above, we analyze the signal significance up to O(Λ −8 ), for different collider energies. With inputs of the leptonic branching fraction Br(Z→ ) 0.10 and an integrated luminosity L = 2 ab −1 , we arrive at
From the above, we note that for the relevant reach of Λ, the O(Λ −4 ) terms give the dominant contributions for collision energies 
and hence
We see from Eqs.(3.25) and (3.29) that the sensitivity to Λ increases with the collision energy with the power (
, a relatively slow rate of increase. We note also that the sensitivity to the new physics scale Λ is rather insensitive to the integrated luminosity L and the detection efficiency , owing to their small power-law dependence (L ) Table 2 we present the corresponding combined sensitivity reaches to the new physics scale Λ at different e + e − collider energies. In the last row of this Table, to the case of the dimension-8 operator whose coefficient has a minus sign, whereas in all other entries the effects due to the coefficient having a minus sign are negligible. In Fig. 7 , we further present the reaches of the new physics scale Λ as functions of the e + e − collision energy √ s . In Fig. 7(a) we show the Λ reaches for the signal significances (Z 4 , Z 8 ) at 2σ and 5σ levels, respectively. Then, in Fig. 7(b) , we depict the combined sensitivity Z = Z 4 +Z 8 = (2, 3, 5)σ, by the red, green and blue curves. For reference, we also show two lines Λ = √ s and Λ = √ s /2 in each plot, since for a given collider energy √ s the new physics scale Λ in the dimension-8 operator is expected to be above √ s /2 or √ s such that the effective theory description still holds without invoking additional underlying new particle(s).
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Before concluding this Section, we mention that we have performed a numerical Monte Carlo simulation based on the analytical formula (3.14). We used for this purpose CUDAlink in Mathematica, so as to exploit the CUDA parallel computing architecture on Graphical Processing Units (GPUs), which can generate millions of events in seconds. We have computed the probability density function of θ, θ * and φ * for the case of √ s = 3 TeV and Λ = 2 TeV. Eq.(3.3d) shows that the SM contribution dominates the total cross section. According to Eq. Table 2 . Combined sensitivity reaches to the new physics scale Λ at the 2σ and 5σ levels, for different collider energies. Here the two numbers in the parentheses correspond to the case of the dimension-8 operator whose coefficient has a minus sign, while in all other entries the effects due to the coefficient having a minus sign are negligible. 0.03 inferred from our analytical formula (3.14), serving as a consistency check on our Eq.(3.15). Our Monte Carlo simulation package may be used to generate other distributions and quantities that may be of interest for experiments. 
Conclusions
As we have discussed in this paper, the process e + e − → Zγ provides a rare opportunity to probe an effective dimension-8 operator in the SMEFT. The ZV γ vertices (V = Z, γ) have no tree-level SM contributions, and nor do they receive any contributions from dimension-6 operators, opening up the possibility of probing the new physics scale associated with one particular dimension-8 operator. We have used a general analysis of the angular distributions for Zγ production in the laboratory frame and for Z→ + − in the Z rest frame to identify particular angular distributions and cuts that maximize the statistical sensitivity to the possible new physics scale Λ, either including only the O(Λ −4 ) contributions that interfere with the SM contributions, or including together the O(Λ −8 ) contributions of the dimension-8 operator.
As seen in Fig. 7 (b) and Table 2 , the prospective sensitivities to Λ extend into the multi-TeV range. As one would expect from the energy dependences of the dimension-8 contributions to the cross section for e + e − → Zγ, the prospective sensitivities increase with the collision energies. However, since we assume a constant integrated luminosity, the sensitivities increase more slowly than √ s . The sensitivities at the 2σ, 3σ and 5σ levels of significances are not greatly different, as discussed in the text and seen by comparing the red, green and blue curves in Fig. 7(b) .
We have also drawn in Fig. 7 the two reference lines Λ = √ s and Λ = √ s /2 . In general, one would expect the SMEFT approach to be suitable only for energy scales that are small compared to Λ . However, the way that we have defined Λ in Eq.(2.1) of this paper corresponds to the true new physics scaleΛ only if the unknown coefficient c j has a magnitude of unity. If, on the other hand, the true magnitude of c j 1 , the true new physics scaleΛ could be much larger than the value of Λ extracted from our analysis, and the SMEFT approach would have broader applicability.
It is interesting to compare the sensitivity to the dimension-8 coefficient found here with that found previously in studies of the dimension-8 operator contributions to lightby-light scattering and the process gg → γγ at the LHC. The former is sensitive to a dimension-8 scale that is O(100) GeV [9] , whereas the latter is sensitive to a dimension-8 scale that is O(1) TeV [11] . The dimension-8 operators studied in those analyses are fully different from what we studied here, and hence probe different aspects of dimension-8 physics. But, in this work we found it encouraging that future e + e − colliders (such as the ILC, CEPC, FCC-ee, and CLIC) may be able to provide very competitive sensitivities to probing the scale of new physics. We therefore encourage further detailed studies of the e + e − → Zγ process by our experimental colleagues.
where we have used the standard spinor notations u s (p 1 ) andv s (p 2 ) [22] for the initial state of e − and e + , and ( λ , λ ) denote the polarization vectors of the final state gauge bosons (Z, γ). In the above, P L,R = 
. We then express the three polarization vectors λ (q 1 , θ) of the Z boson as follows:
where
The final-state photon has two transverse polarization vectors that are similar to those of Z boson,
The first two terms in Eq.(A.1) arise from the SM contributions via the t-and uchannel exchanges, respectively, while the third term is contributed by the dimension-8 operator. For the final-state Z(λ)γ(λ ) helicity combinations λλ = (−−, −+, +−, ++) and λλ = (0−, 0+), we compute the SM contributions to the scattering amplitudes as follows: where (e L , e R ) = c L δ s,− 1 2 , c R δ s, 1 2 with the subscript index s = ∓ 1 2
denoting the initial-state electron helicities. We note that in Eq.(A.4a), the identical-helicity amplitudes T ss ,T sm (±±) in the diagonal entries are proportional to the mass-factor M 2 Z (unlike the off-diagonal entries ∝ s ). This is expected because in the massless limit M Z → 0 the identical-helicity amplitudes should vanish exactly after ignoring the tiny electron mass (as in the pair-annihilation process e − e + → γγ in QED [22] ). Hence the nonzero amplitudes T 11) where (σ, σ , λ) denote the helicities of the final-state particles ( − , + , γ), and we have defined the coefficients (f 
